The Wick rotation in quantum field theory is considered in terms of analytical continuation in the signature matrix parameter w = η00 . Regularization of propagators by a complex metric parameter in most cases preserves (i) the convergence of Feynmann integrals (understood as Lebesgue integrals) if the corresponding integrals of Euclidean theory are convergent; (ii) the regularity of propagators in the coordinate representation if there is regularity in the Euclidean case. The well-known covariant regularization by a complex mass does not in general satisfy these conditions. Theories with a large family of propagators regularized by complex metric were previously considered by the author, and analogues of the Bogoliubov-Parasiuk-Hepp-Zimmermann theorems were proved. This paper shows that in the case of multidimensional cosmology describing the evolution of n spaces Mi , i = 1, . . . , n , the Wick rotation in the minisuperspace may be performed by analytical continuation in the dimensions Ni = dim Mi or in the dimension of the time submanifold M0 .
Introduction
The divergences occuring in quantum field theory (QFT) and quantum gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] (when certain perturbation schemes are considered) may be divided into two groups. The first one is related to the fact that series in coupling constants in QFT usually diverge (they are asymptotical ones [2] ). (Recently a new perturbation theory with absolutely convergent series was considered in [10] .) Divergences from the second group are the so-called "infrared" and "ultraviolet" divergences in Feynmann integrals. In renormalizable theory they may be removed by applying certain R-operation procedures [1, [4] [5] [6] [7] (with or without intermediate regularization). Some of the latter may be called "pseudo-Euclidean" [5, 14, 15] since they occur in space-times with non-Euclidean signatures. Let us give a simple example. Consider the covariantly regularized propagator of free massive scalar field in R ) is not a regular distribution [14] (see also Subsec. 2.2.3 below).
There exists an alternative scheme of propagator regularization [13] - [15] (see also [16] - [19] ). This scheme is free of the above disadvantages and is based on the complex metric regularization. In this scheme we deal with a complex metric on R
w = 0 . For non-negative w the metric (1.2) provides regularization of (singular) Green functions (corresponding to the Minkowski space limit w → −1+i0 ). For example, the massive scalar field propagator regularized by the complex metric (1.2) has the form [15] D(p, w, m) = w
Thus w may be considered as a holomorphicity parameter (Wick parameter) for w -correlators belonging to S ′ (R D ). It should be noted that recently the interest to this problem was greatly stimulated by the paper of J. Greensite [17] (see also [18] ).
The aim of this paper is to overview the author's earlier results concerning the regularization of propagators by a complex metric ( [13] - [15] ) and to show a possible application of this scheme to multidimensional quantum cosmology.
The plan of this note is as follows. Sec. 2 considers the complex metric regularization in QFT. Sec. 3 discusses a gravitational model on the manifold M 0 × M 1 ×. . .×M n . The midisuperspace metric depends on the dimensions N 0 = dim M 0 and N i = dim M i and may be used to regularize the cosmological pseudoEuclidean minisupermetric corresponding to N 0 = 1 in two ways: (i) N 0 is complex and N i are real; (ii) N 0 = 1 and N i are complex (i > 0 ).
Wick rotation in quantum field theory

General prescription
We consider the Wick rotation in QFT in terms of analytical continuation of the signature parameter. Let
where
is a complex parameter (Wick parameter). The point w = 1 corresponds to Euclidean space (E). As will be shown below, the limits w → −1 ± i0 correspond to the Minkowski spaces M ± with a "right" or "wrong" direction (arrow) of time, respectively.
(In [14, 15] we used the notation
Consider a self-interacting scalar field with the action 4) in the complex metric background (2.1), where V (ϕ) ≥ 0 is a potential,
is the matrix inverse to (2.1) and
The action (2.4) is an analytical continuation of the Euclidean action, (covariantly) defined for w > 0 , to the domain Ω (2.2).
From (2.4)-(2.6) we get
w ∈ Ω. The real part of (2.7) satisfies the relations Re S(ϕ, w) = cos(
is the Euclidean action,
and arg w ∈ (−π, π) is the argument of the complex number w . The action (2.4) generates a chain of w -correlators 12) for n ∈ N and w ∈ Ω. In (2.11) and (2.12), the path integrals are understood in the framework of a certain perturbation scheme and R -operation.
Remark 1. Due to the relations
following from (2.8), one may define for certain S(ϕ, w) the"complex-valued measure" (charge) (2.12) (at least perturbatively) for all w ∈ Ω if the corresponding Euclidean measure Dϕ exp(−cS E (ϕ)) exists for any c > 0 .
Free massive scalar field
To illustrate the approach let us consider in detail the case of a free massive scalar field (vector, spinor, etc. fields may be certainly considered as well [14] ), i.e. the potential in (2.4) is
From (2.7), (2.11), (2.12) and (2.14) we get the formal expression for the two-point w -correlator
where w ∈ Ω and D(p, w, m) is defined in (1.3). Here and below
The relation (2.15) should be understood as [21, 22, 23] . Recall that the mapping F :
, and ∂ i = ∂/∂x i . In (2.20) and below
The Schwarz space S(R D ) is a locally convex linear topological space over C with a topology generated by the set of seminorms (2.20) [23] . Now we prove majorizing inequalities for the wcorrelator that will play = a key role in what follows.
where c 1 (w) is defined in (2.10) and
It is clear that
We also get:
The proposition is proved.
We denote by
exists for some n ∈ N (in this case the function f is measurable). The function f ∈ F s (R D , C) generates the "slowly increasing" measure dµ(p) = |f (p)|d D p [23] .
Let
be a canonical embedding defined by the relation
We call the image of the map (2.28) the subspace of regular tempered distributions (generalized functions) and denote
(see (1.3) ) and the corresponding regular distribution
is (weakly) holomorphic with respect to w in Ω (for fixed m > 0 ), i.e. D(w, m), ϕ is holomorphic with respect to w in Ω for any ϕ ∈ S(R D ) and fixed m > 0 .
Proof. For fixed m > 0 and w ∈ Ω the function D(., w, m) is smooth on R D and hence measurable. The relation (2.31) follows from the right inequality in (2.22) . The holomorphic behaviour of the integral
follows from the relation
) that can be easily verified by a straightforward calculation using certain uniform estimates in the sectors Ω r,R,δ = {w : r < |w| < R, | arg w| < π − δ},
following from Proposition 1. In this case
Coordinate representation
The calculation of the inverse Fourier transformation (2.17) gives us the following expression for the twopoint w -correlator:
For any w ∈ Ω and m > 0
is a regular distribution, generated by the function of slowly increasing measure
The inclusion (2.39) follows from the asymptotical relations The relation (2.37) may be obtained by the following three steps. For w = 1 (i.e. in the Euclidean case) we use the well-known Euclidean formula [8] 
Proper-time representation
For the w -correlator (1.3) we get the following propertime representation (α -representation [1, 4, 9] ): 46) for w ∈ Ω, m > 0 and p ∈ R D . Here
Just as in [14, 15] , we may also consider some general class of the so-called proper w -correlators. A proper w -correlator in the momentum representation has the form
Here w ∈ Ω, m > 0 , p ∈ R D and i, j = 1, . . . , N are indices (e. g. vector, spinor, etc). Besides, (A) The function f (α) is holomorphic in the domain {Re α > 0} and continuous in {Re α ≥ 0} \ {0} ;
(D) all P ij (p, w, m) are polynomials in momenta p = (p i ) with coefficients holomorphically depending on w in Ω (and P ij (p, w, m) are " w -covariant").
The proper w -correlators extended to the case m ≥ 0 form a rather wide class of w -correlators that occur in QFT.
The Minkowski space limit, w → −1 ± i0
For the distributions D(w, m) ∈ reg S ′ (R D ) from (2.32) the limits w → −1 ± i0 exist and are covariant distributions from S ′ (R D ) defined by the relation
wherê
is a continuous operator in S ′ (R D ) and
are regular distributions generated by the functions from
52)
.) The relations (2.49) follow from the identity
corresponding to (2.56) have limits as ε → +0 , coinciding with (2.49):
(2.57) Remark 2. Performing differentiation in (2.49) and using the well-known relations in S ′ (R) (see e.g. [22] )
we obtain:
that agrees with the well-known Sokhotski relation. In the coordinate representation the free massive scalar field propagator has the following form: 
Thus the limits w = −1 ± i0 in 2-point w -correlators correspond to propagators in Minkowski space with the "right" and "wrong" time directions.
In Ref. [15] we discussed a Feynmann integral corresponding to an arbitrary connected diagram (graph) for the theory with the proper w -correlator (2.48) (with w = − e −iε ). Analogues of the Bogoliubov-Parasiuk-Hepp-Zimmermann theorems were proved, namely:
(i) the Feynmann integral corresponding to an arbitrary connected diagram renormalized in the α -representation exists (as a Lebesgue integral) for all 0 < ε < 2π and
(ii) the corresponding generalized function (distribution) of external momenta has a limit as ε → +0 in the appropriate Schwarz space. This limit is a covariant distribution.
Covariant regularization
For comparison let us consider the covariant regularization of the propagator (2.55) D cov + (p, ε, m). This regularization has some disadvantages as compared with the complex metric regularization (1.3) . First, the covariant regularization does not guarantee the existence of Feynmann integrals (understood as Lebesgue integrals) even if the corresponding Euclidean integrals do exist. The simplest example is: D = 3 ,
The Lebesgue integral (2.62) does not exist whatever be q ∈ R 3 , ε > 0 , m > 0 [14] . The corresponding Euclidean integral
exists (as a Lebesgue integral) for all q ∈ R 3 (m > 0 ). The covariant regularization (2.55) does not guarantee the propagator regularity in the coordinate representation. Indeed, performing the Fourier transformation in (2.59)-(2.60), we obtain:
where ν = ν(D) = D/2−1 . The relation (2.64) may be obtained fro= m (2.37) by performing the replacement m 2 → m 2 ∓ iε an= d the limit w → −1 ± i0 . Here we used that fact that the limit (2.64) in
For D ≥ 4 we have ν ≥ 1 and the distribution (2.65) is singular. Hence (2.64) is singular too. In Ref. [13] the complex metric regularization with w = −1 ± iǫ, ǫ > 0 was considered in the context of the 3-dimensional σ -model from [20] (n-field) and convergence theorems for ǫ > 0 were proved. The regularization of propagators with w = −1 ± iǫ is closely related to regularization method for pseudo-Euclidean singularities suggested by W. Zimmermann in Ref. [5] :
3. Multidimensional cosmology with n Einstein spaces
Gravitational model
Consider the manifold
with the metric
2)
is a metric on the manifold M 0 , and g (i) is a metric on the manifold M i satisfying
) are Einstein spaces. In (3.2) we denote bŷ
the pullback of the metric g (α) to the manifold M by the canonical projection:
Consider the gravitational action
where |g| = det(g..), S GH is the standard GibbonsHawking boundary term [39] and Λ is the cosmological constant.
The field equations for the action (3.5) (Einstein equations)
are (for D = 2 ) equivalent to
Although the cosmological case N 0 = 1 will be our main subject, we shall need the more general nonexceptional case N 0 = 2 . In this case we put, just as in [24, 52] ,
It may be shown (see [24, 26, 52] ) that Eqs. (3.6), (3.7) for the metric (3.2) with γ from (3.8) are equivalent to the equations of motion for the σ -model
are components of the "midisuperspace" (or target space) metric on R
and
is the potential. (In [26] authors start with γ = 0 .) We note that [28] det(
Multidimensional cosmology
Now consider the cosmological case
In this case (3.8) corresponds to the harmonic-time gauge and the minisuperspace metriĉ
has the pseudo-Euclidean signature (−, +, . . . , +) [27, 28] . The equations of motion for the cosmological model under consideration are equivalent to the Lagrange equations for the Lagrangian
with the energy constraint [28] 
(For exact solutions of the Einstein equations see e.g.
[27]- [38] .)
The quantum case
The quantization of the zero-energy constraint (3.17) leads to the Wheeler-DeWitt (WDW) equation in the harmonic time gauge [28] (see also [36, 35] )
are components of the matrix inverse to (Ĝ ij ) in (3.15).
Third quantized model. The WDW equation (3.18) corresponds to the action of so-called "third-quantized" cosmology [42] - [43] (see also [44] - [49] , [36] )
We may quantize (3.20) and study the processes of "creation" and "interaction" of "multidimensional universes" [48, 49] .
Diagonalization. The operatorĤ (3.18) may be diagonalized by the linear transformation
22)
a, b = 0, . . . , n − 1 ; i, j = 1, . . . , n. In this case the midisupermetric (3.11) reads:
An example of such a diagonalization is [27, 28] 
24)
Here we consider a more general class of diagonalizations (3.21) satisfying (3.24) or, equivalently,
One can show using the relations from [52] that the potential (3.12) is written in the new variables as
where (3.29) and the vectors u (i) * ∈ R n−1 satisfy the relations
The operatorĤ in the new variables readŝ Complex dimensions. Consider the simplest case V = 0 . Then the third quantized cosmological model is equivalent to the theory of a free massive field in R n−1 with the Minkowski metric (3.32). There are at least two possibilities of complex metric regularization for (3.15) .
First, we may consider the gravitational model (3.1)-(3.12) with the time manifold M 0 of dimension N 0 > 2 (when the midisuperspace metric is Euclidean), then perform the analytical continuation to the region N 0 < 2 and consider the limit
(3.33) (see (3.13) .) The second possibility [32, 36] is as follows: we put N 0 = 1 and consider (formally) the range of "small" dimensions N i 34) where the minisupermetric (3.15) is Euclidean, and then perform the analytical continuation to the original N i considering the limits N i − i0, i = 1, . . . , n. In this context it is worth noting that there already exist studies of multidimensional models with dimension "dynamics" [55] . In this model the minisupermetric signature may change (if "small" dimensions are considered).
Concluding remarks
In the cosmological model under study the minisupermetric does not depend on the signatures of the manifolds (M i , g i ).
There exist models where such a dependence takes place. In [53] a gravitational model with several forms and dilatonic fields was considered.
It generalizes the "pure gravitational" model [52] of Subsec. 3.1. It turns out that the part of the midisuperspace metric corresponding to the forms crucially depends on the signatures of the manifolds (M i , g i ), i = 1, . . . , n. It will of interest to consider the Wick rotaion in this model [53] .
Another problem of interest is connected with some cosmological models with spinors (e.g. supersymmetric models) were the Wick rotation (both in space and in midisuperspace) may be non-trivial [54] .
